STRICHARTZ ESTIMATES FOR LONG RANGE 
PERTURBATIONS 

JEAN-MARC BOUCLET AND NIKOLAY TZVETKOV 



Abstract. We study local in time Strichartz estimates for the Schrodinger equa- 
tion associated to long range perturbations of the flat Laplacian on the euclidean 
space. We prove that in such a geometric situation, outside a large ball centered 
at the origin, the solutions of the Schrodinger equation enjoy the same Strichartz 
estimates as in the non perturbed situation. The proof is based on the Isozaki- 
Kitada parametrix construction. If in addition the metric is non trapping, we 
prove that the Strichartz estimates hold in the whole space. 



Contents 

1. Introduction. 

2. Functional calculus 

3. The Isozaki-Kitada parametrix 

4. Strichartz estimates outside a large ball 

5. Semi-classical time estimates and applications 

6. Using the non trapping assumption 

7. Non homogeneous estimates and nonlinear applications 
References 



1 

i 

14 
21 
26 
31 
34 
39 



1. Introduction. 

Let (M, g) be a d-dimensional Riemannian manifold. Denote by A g the Laplace- 
Beltrami operator associated to the metric g. Consider the time dependent Schrodinger 
equation on (M, g) 

(1.1) iu t + A g u = 

subject to initial data 



(1.2) 



tt|t=o = • 
i 
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It is well-known (see e.g. |18j ) that when (M,g) is the flat Euclidean space (i.e. M d 
with the metric gij = 5ij the unit d x d matrix) the solutions of (ll.lj )-( fL2j) enjoy the 
(local in time) Strichartz estimates 

(I- 3 ) IMIiP([0,l];£9(R d )) < C|ko||i2( R d) , 

where 

(1.4) - + -=o' p - 2 > (P,?)^(2 s oo). 
p q 2 

Moreover (jl.3p is global in time which means that one can replace [0, 1] in the left 
hand-side of (jl.3p by R. In [H |8] one studies the possible extensions of (jl.3p to 
the situation where M is compact. An important new phenomenon that one has to 
take into account, when M is compact, is the unavoidable derivative loss in (jl.3p for 
some values of (p, q). By "loss" we mean that HitoHi, 2 in the right hand-side of (jl.3p 
should be replaced by ||iiol|i7 s f° r some positive s. Here are two significant examples. 
If M is the standard sphere S d , d > 3, then it is proved in [8] that the solutions of 
([IIQ-CL2D satisfy 

(1.5) llull , 2d ■, < Clluoll i , % 

V ' " V([0,l];L3=^(S d )) ~ " UU H?(S d ) 

(notice that the couple (2, ^) satisfies COD)- Moreover, the H 1 / 2 (S d ) norm in the 



right hand-side of (jl.5p is sharp in the sense that for every e > 0, the estimate 

IMI / 2d s < Clluoll i „, 

" "i2([0,l];L3^( S d)) - 11 VU H?- s (S d ) 

is false. 

A second example where one should encounter losses in (11.31) is the flat torus 
T d = M d |(2vrZ) d . More precisely the estimate 

(1.6) \\u\\ 2{d+2) , 2(d+2) s < C||' u o||i 2 ('T d ) 

L 3 ([0,1];L 3 (T d )J v ; 

is false (notice that again the couple ( 2 ( d + 2 ) ^ 2(d+2) ^ sa ^j s g es (|l,4p ), We refer to [1] 
for a counterexample disproving (jl.6p in the case d = 1. The extension to higher 
dimensions is straightforward. One may however expect (jl.6p to be replaced by 



(1.7) ||u|| 2(d+2) , 2(d+2) \ < C s ||n || jTscTpd-), s > 0. 

L^i— ([o,i];£^~~ (T d )) v J 

Estimate (jl.7p is known for d = 1, 2 (see [3]) (in this case 2 ( rf + 2 ) is an even integer). 
For d > 3, the study of (|1.7p leads to an interesting open problem. 



When M is not compact, extensions of (|1.3p were recently studied by several 
authors (see [331 [25l H]). In the works [33l [251 02] the authors consider non 
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compact manifolds with metrics which are a "small" perturbation at infinity of 
a fixed "nice" metric, satisfying a non trapping assumption on the geodesic flow. 
It turns out that in such a geometric situation, one can prove exactly the same 
estimates as for the Euclidean space. 

In [8], one considers (M, g) to be M. d with a perturbation of the flat metric without 
the non trapping assumption. In this context one can get the Strichartz estimates 
with losses, just as in the case of a compact manifold. It is however a priori not 
clear whether losses of derivatives in the Strichartz estimates may come from the 
geometry at infinity. The main goal of this paper is to show that one can not have 
losses in the Strichartz inequalities coming from the geometry at infinity in the case 
of long range perturbations of the euclidean metric on W 1 . 

Theorem 1. Consider W 1 equipped with a smooth Riemannian metric 

g(x) = { 9ij (x))i >j=1 , x£R d 

satisfying for some p > 0, 

(1.8) \d a (g i ^x)-S ij )\<C a (x)-"-^, i,j€{l,...d} 
(Sij being the Kronecker symbol) and 

(1.9) eld < g(x) < Cld. 

Then there exists R > such that for every T > ; every (p, q) satisfying jl.4\ ) there 
exists C > such that for every f G L 2 (M. d ), 

(1-10) \\e ltA3 f\\LP([~T,T];Li(\x\>R)) < C||/lli 2 (K d ) ■ 

1 , 

Moreover, for every f £ Hp(M. ), 

a- 11 ) ^fh^Tw^R)) < cn/y (Rd) • 

Remark 1.1. The result of Theorem [7] is stated only for metric perturbations of 
the flat Laplacian. However, an examination of our proof shows that the statement 
still holds if we add long range lower order terms. The same remark is valid for 
Theorem below. 

Remark 1.2. Let us emphasize that estimates in the spirit of U.10\) are known 
to hold in the context of resolvent estimates for long range perturbations of the 
Laplacian (cf. [6j By this we mean the following: the fact that we have no 

derivative loss in as in the free case is somehow similar to the fact that the 

high energy resolvent estimates with weights supported near infinity are the same as 
for the free resolvent. 
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If we suppose that the metric g is non trapping then one can improve (jl.lip and 
get the full family of Strichartz estimates. Recall that g is non trapping if every 
geodesic (globally defined thanks to (|1.9p ) leaves every compact set in finite time. 
Let us now state our second result. 

Theorem 2. Under the assumptions of Theorem^ if in addition we suppose that 
g is non trapping, then 

(1-12) || 9 f\\LP([~T,T];Li(M d )) - C \\f\\L 2 (R d ) • 

Note that under the short range condition p > 1, estimate (|1 . 12[) is proved in [25J 
by using FBI transform techniques. 

Let us now explain the main points in the proof of the above results. The proof of 
(jl.lOp is based on the Isozaki-Kitada [21J parametrix construction. Recall that this 
construction was introduced to build modified scattering operators for long range 
perturbations of the free Schrodinger group. Let us point out that, since here we are 
only dealing with finite time estimates, we are not using the Isozaki-Kitada method 
in its full strength. In particular, we do not need a non trapping assumption on 
the metric to get (jl.lOj) . If we were interested in proving (jl.lOp with a constant C 
uniform with respect to T, then a non trapping assumption and the full force of 
the Isozaki-Kitada method would be needed. We will not address this interesting 
issue here. See [29] for the proof of the global in time estimates in the case of 
compactly supported perturbations. The proof of (II. lip is essentially contained in 
[8]. The proof of Theorem [2] is based on ideas introduced in [331 [8]. I n fact, it is fair 
to say that, as far as the spatial regularity is concerned, the estimates established 
in [8] are gaining 1/2 derivative with respect to the Sobolev embedding. We prove 
Theorem [2] by showing that the missing 1/2 derivative can be recovered thanks to 
the local smoothing effect (when it is available). Let us notice that this effect is a 
consequence of standard resolvent estimates for non trapping perturbations of the 
Laplacian. It would be interesting to know whether intermediate situations may 
exist and if so to quantify them in terms of the metric. It is worth mentioning 
the work [7], where (|1.12p with C e ||/||#E, £ > instead of C||/||i2 is studied, i.e. 
an unnecessary e derivative loss is accepted. In this context, let us recall that the 
analysis in [U [9] has shown that, if one is interested in non linear applications, the 
losses in term of Sobolev regularity in the right hand-side of (|1.12p are more dramatic 
then the losses in terms of the range of possible values of (p, q) in the left hand-side 
of (fTHl) . 

The rest of this paper is organized as follows. In the next section, we introduce 
the functional calculus for A g in terms of pseudo differential calculus. In section 3, 
we recall the main points of the Isozaki-Kitada parametrix. The analysis of section 
3 is then used in section 4 for the proof of (jl.lOp . Section 5 deals with estimates 
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on time intervals depending on the frequency localization. In section 6, we use 
the non trapping condition to get the full family of Strichartz estimates in a fixed 
compact set. Section 7 is devoted to the rather standard non linear applications of 
the analysis of the previous sections. 

Notation. In this paper several numerical constants will be denoted by the same 
C. For T > 0, p G [1, +oo], and B a Banach space, we denote by PP T B the Banach 
space of L p functions on [— T, T] with values in B equipped with the natural norm. 
We denote by P > the self adjoint realization of — A g on L 2 (R d ). 

2. Functional calculus 
In this section g is a metric on M. d such that there exist C > 1 > c > such that 

(2.1) c\H\ 2 <g(x)(ti,0 <C\H\ 2 , Vx G R d , V£ G R d , 
and for every a G N rf , 

(2.2) \dZg(x)\<C a . 

Notice that we do not assume the long range condition (|1.8jl . 
Further, we denote by 

d 

Po (x,0 :=g(x)^,^=J2 g iJ (x)tej 
the principal symbol of — A g . Here we adopt the standard notation for (g lJ (x)) = 

The goal of this section is to approximate ip(—h 2 A g ), h g]0, 1], for a given bump 
function ip : R — > M, by a suitable semi-classical pseudo differential operator. Simi- 
lar considerations are performed in [8], where A g is the Laplace-Beltrami operator 
on a compact Riemannian manifold. Here we follow a similar scheme. The new 
feature in our analysis is the L p bound for the remainder of the pseudo differen- 
tial expansion of ip(—h 2 A g ). In [8] this is done by only invoking L 2 considerations 
and the fact that, on a compact manifold M, L°°(M) is continuously embedded in 
L 2 (M). Here, we can not use this fact. We overcome the difficulty by using LP 
bounds for powers of the resolvent of P. 

Recall that P > is the self adjoint realization of — A g on L 2 (M. d ). We first collect 
several classical properties of P. For every s G K, there exists a constant C s such 
that for every u G 5(M d ), 

(2.3) C- l \\(P + l) s / 2 u\\ L2m < \\u\\ H s m <C s \\(P + l) s / 2 u\\ L2(Rd) . 

Next, we recall that the Schwartz class is stable under the action of the resolvent of 
P. More precisely, for every z G C\[0, oo[ the map (P — z)^ 1 is acting continuously 
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on As a consequence, by the standard duality argument it acts continuously 

on too. In particular, for every w G L p (K d ), 1 < p < +00, (P — z)~ 1 w is well 

defined. 

The elliptic nature of P also implies that, for every s£l, there exists C s such 
that for every u G 

||(P+ \y l u\\ H s+2 {R d) < C s \\u\\ H * 
As a consequence for every z G C\[0, 00 [, 

(2-4) ||(P - zYMh^W) < 77^ \W\\h< 

Indeed, we can write 

||(P - z^uWhs^ < C7||(P + l) £ ^(P-z)- 1 n|| L2 

< C\\(P - z)~\P + 1)(P + 1)^(P + iy l u\\ L 2 

< C\\(P - z)-\P + 1)|| L2 ^ L2 ||(P + l)f u\\ L , 

<r r JA+lill 11 

< G sup — HMI-ff s 

AGR+ 1^ ~~ z \ 

<: C ^ II II 
|lm z I 

which proves (12, 4p . 

We next state a bound for sufficiently large powers of the resolvent of P. 

Proposition 2.1. Lei hq > d/2 6e an integer. For z G C\[0,oo[, we denote by 
K z (x,y) the Schwartz kernel of the operator (P — z)~ n ° . Then for every a G N d , 
there exist C a > and n(a) G N such that for every (x, y) G M. 2d , and every 
z G C\[0,oo[, 

\ n(a) 

In particular there exist N and C > such that 



\K z {x,y)\<C 



iV 



|Imz|/ (1 + \x — y\ 2 ) d 

Proof. Let first \a\ = 0. Observe that for s > d/2 any bounded linear map 

A : H- s (R d ) — ► H s (M. d ) 

has a Schwartz kernel KA(x,y) which is a bounded continuous function on M. 2d . 
Moreover, there exists C > such that for every bounded map from H~ s to H s , 
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every (x,y) € 

(2-5) \K A (x,y)\<C\\\A\\\, 

where |||-A||| denotes the norm of A, 

\\\A\\\ := sup ||.Aii||#s ■ 
IMIh-»=i 

Using (|2.4p . we get the estimate 

up - z)- n °u\\ H n < c {j^y o \\ u \\H-™o ■ 

Therefore, in view of A2.5H . the assertion of Proposition 12.11 holds for \a\ = 0. 

Let next \a\ = 1. Clearly, for k £ {1, . . . , d}, (xk — yk)K z (x,y) is the kernel of 
[xk, (P — z)~ n °]. Using the identity 

[x^iP-z)- 1 ] = {P - zr^x^P - z)-\ 

we arrive at the formula 

[ Xk ,(p-z)- n °] = Y.( p - z y u+1) ^ x ^ p - z y {no ~ j) 

3=0 

(p-zr^ +i) [p,x k ](p-z)-^ +i K 

31+32=110-1 

On the other hand, by invoking (|2.4p . we obtain that if j\ + j% = uq — 1, and if s £ K 
is such that hq > s > d/2, then the linear map 

(P - z)-^ +l \P,x k ){P - z)- (i2+1) 
is bounded from H~ s (M. d ) to 

#-s+2(i2+l)-l+2(ji+l)/]J<i\ _ [£-s+2n +lr^d\ c #sAjj<i\ 

with operator norm bounded by a polynomial of 
(2.6) 

|lm z\ 

which, using (|2.5|) . yields the assertion of Proposition H2TT1 for \a\ = 1. 

Let finally |a| be arbitrary. For fc S {1, . . . , d}, a E N d and A a function of P, we 
introduce the notations 

CkA:=[x k ,A], C a A = C...Q d A. 

Notice that CkCjA = CjCkA. Using an induction argument, one can check that 

C(P- z)~ no 
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is a linear combination of terms of type 

(P - z)-( 1+ ^(( al P)(P - z)- {1+ ^(( a2 P) . . . (P - z)-( 1+ ^{( a "P)(P - 
with 

a 1 ^ 0, 1 < n < \a\, a 1 H h a n = a, ji + j 2 H h j n +i = no — 1 . 

Therefore for no > s > d/2, the map C, a {P — z)~ n " is bounded map from P~ _s (R d ) to 
i7 2no +l Q l- s (]R d ) with operator norm bounded by a polynomial of (|2.6|) . By invoking 
(|2.5p . we complete the proof of Proposition 12.11 □ 

We will use the result of Proposition 12.11 to get L p bounds for sufficiently large 
powers of the resolvent of P. For that purpose, we recall the well known Schur 
lemma. 

Proposition 2.2. Let K(x, y) be a continuous function on R 2d satisfying 

[ \K[x,y)\dx<C, [ \K(x,y)\dy<C 

for some positive constant C . Then for every p £ [1, +oo], the linear map with kernel 
K is bounded on L p (M. d ) with norm < C . 

Proof. The statement is straightforward for p = oo and p = 1. The case of an 
arbitrary p follows then by interpolation (one can also easily give a direct proof 
avoiding the interpolation). □ 

A direct combination of Proposition 12.11 and Proposition 12.21 gives the following 
statement. 

Proposition 2.3. Let us fix an integer uq > d/2. Then there exist C > and n G N 
such that for every p G [1, oo], u E L P (W 1 ), every z £ C\[0, oo[, 

|| (p - z)- n ° u \\ LP{Rd) < c(^) n |M| LP(Rd) . 

We next give another consequence of the Schur lemma. 

Proposition 2.4. Let m > d and let a(x,S,,h) be a continuous function on M. d x 
R d x]0, 1] smooth with respect to the second variable satisfying 

(2.7) \d%a(x,£,h)\ < Cp(£)- m , (3en d . 
Then for oo > r > q > 1, 

d(-— -) 

(2.8) \\a(x,hD,h)\\ Lq{Rd) ^ L r( R d) < C gr h v - «>, V/i G]0, 1] 
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with 

Cqr < SUp C/3 . 
\P\<d+l 

Proof. Write 

(2.9) a(x,hD,h)u(x) = K h (x,y)u(y)dy 

JR d 

with 

K h (x, y) = (27rh)- d [ j^aix, £, h)d£ . 

JM d 

Notice that, thanks to (|2.7p and the assumption m > d, the last integral is absolutely 
convergent. Let us denote by a the Fourier transform of a with respect to the second 
variable. Then we can write 

K h {x,y) = (27rh)- d a{x 1 ^-^,h). 

Thanks to (f!T7j) . for every £ N d , 

\z^a(x, z,h)\ < C/3 . 



Hence 



Therefore 



sup sup \a(x, z, h) < (z) sup Cp. 

xeR d /iG]0,l] ^ \P\<d+l 

/ \K h (x,y)\dx = (2ir)- d / \d(y + hz, z, h)\dz < sup Cp 

JR d JR d l/3|<d+l 



and 



/ 



\K h (x,y)\dy = (2tt) / \a(x , z , h)\dz < sup Cp 

\P\<d+l 



Applying Proposition 12.21 completes the proof of (|2.8p for q = r. Thanks to (|2.7p . 

\K h (x,y)\<C h- d , 



and coming back to (|2.9p . this completes the proof of (|2.8p for r = oo and q = 1. 
Let us finally fix arbitrary r, g satisfying oo > r > q > 1. Interpolating between the 
L 1 — ► L 1 and L 1 — > L°° bounds, we get the L 1 — > L r / g bound. Then, interpolation 
between the L°° — > L°° and the L 1 — > L r l q bounds, we get the L q — > L r bound. 
This completes the proof of Proposition 12.41 □ 

The next statement describes functions of P in terms of semi-classical pseudo 
differential operators. Recall that po denotes the principal symbol of P. 



10 



JEAN-MARC BOUCLET AND NIKOLAY TZVETKOV 



Proposition 2.5. Let g be a metric on M. d satisfying \2.1\) and $2.2\) . Then for 
every ip G Co°(IR), there exist symbols (a k ) k >o satisfying 



(2.10) 



\d%d?a k (x,£)\ < C kaf3 , V(x,0 G supp 



(2.11) a k (x,£) = 0, V(z,£) ^ supp^op , 

and there exists n\ G N smc/i /or every N > 1, every 1 < r < g < oo, there 
exists C^qr such that for every h G]0, 1], 

N 



f{h 2 P) -^2h k a k (x,hD) 



k=0 



< Cpfnr h 



Moreover for every s > there exists N s such that for N > N s , 

N 

<Ch 



<p(h 2 P) -^2h k a k (x,hD) 



k=0 



N-N s 



Remark 2.6. If we suppose that the metric g satisfies lll.ty) then we can replace the 
bound \2.1U\) in Proposition \2. 5\ by 

(2.12) |a£Sfa fc (s,0| < C kaP {x)- k -\ a \ 

for every (x,£) G R such that Po(x,£,) G supp</>. 

Proof of Proposition \2. 51 We first describe the classical construction (see [301 ESI IS] ) 
of a parametrix for (h 2 P — z) , z G C\[0, oo[, h g]0, 1]. There exist symbols 

<lo{x,i,z),qi{x,i,z), . . .,q N (x,£,z) 

satisfying 

2-k-\a\( ( z ) y( k ' a ^ 



\d^q k {x^z)\<C ka p{i) V|hi| _ 
such that for every h G]0, 1], and for every N > 1, 



A' 



(/i 2 P - z) 1k(x, hD, z) = ld + h N+1 r N+1 (x, hD, z, h) 



k=0 



with 



d%d^r N+l (x,£,,z,h)\ < C Na p(Q~ 



Im z 



uniformly in h g]0, 1]. Moreover the symbols are analytic with respect to z G 
C\[0, oo[ and we can write 

1 
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where po(x,£) = g(x)(£,£) is the principal symbol of — A g . In addition, for k > 1, 
qk takes the form 



2fc-l 



Qk 



with dj t k G S 2 i~ k (M. 2d ) (they are polynomials in £ with coefficients which are lin- 
ear combinations of products of derivatives of the coefficients of the inverse of the 
metric) . 

Therefore for every h g]0, 1] every z £ C\[0, oof, every N > 1, 

N 

(h 2 P - z)- 1 = Y h k q k {x, hD, z) - (h 2 P - z)- 1 h N+1 r N+1 (x, hD, z, h) . 

k=0 

Then, for every ip £ Cq°(M), we can use the Helffer-Sjdstrand formula (see [2Q|. I14j). 

tp{h 2 P) = -- [ 8y{z)(h 2 P - z^dLiz), 
k Jc 

where dL(z) denotes the Lebesgue measure on C and £p(z) G Co°(C) is an almost 
analytic extension of (p which satisfies 

(2.13) VAX), \B<p(z)\ < C A |Imz| A . 
This implies that ip(h 2 P) can be written as 

N 

(2.14) (p{h 2 P) = ^ h k a k (x, hD) + 



k=0 



7T JC 

with 

ao(x,0 = ip{p (x,O) 

and, for k > 1, 

2k-l 



uN+l 

+ / dlp(z)(h 2 P - z)- 1 r N+1 (x,hD,z,h)dL(z) 



(x,0 = { -T^d hk {x,i)^\p {x,i)). 



We now state a bound for the action of the map dk(x, hD) on Lebesgue spaces. 
Lemma 2.7. For 1 < q < r < oo, 

d( 1 — 1 ) 

||afe(a?,^)||M(R<i)-*^(Rrf) <Cqrkh K * . 

Proof. Since (x, £) is smooth and compactly supported with respect to £, Lemma [27n 
is a direct consequence of Proposition 12.41 □ 
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We next state a bound for the second term in the right hand-side of (|2.14p . 

Lemma 2.8. Let uq > d/2 be an integer. Set 
hN+l r _ 

R N := / dlp(z)(h 2 P - Z y 1 r N+1 (x,hD,z,h)dL(z) . 

k Jc 

Then for every N > d + 2uq — 3, every 1 < q < r < oo, there exists C > such that 
for every u 6 L r (M. d ), every h G]0, 1], 

(2.15) \\R N u\\ Lq(m < Ch N+1 - 2no+d ^\ 



r q \M\l- 

Moreover for every s > there exists N s such that for every N > N s , there exists 
C > such that for every h e]0, 1], every u € H~ s (R d ), 

(2.16) \\h N+1 R N u\\ H smd) < Ch N ~ Na 



\H- 

Proof. Define r^ + i{x, hD, z, h) by setting 

(h 2 P - Z y l r N+1 (x, hD, z, h) = (h 2 P - zy n °7 N+1 {x, hD, z, h) , 
with a fixed uq > d/2. Then rjv+i satisfies 

\d^r N+1 (x,C,z,h)\ < C7 Q/3 (0- Ar - 1+2( "°- 1) - |/3| (^)" (a * /3) • 

If N + 1 - 2(n - 1) > d, i.e. N > d + 2n - 3, then Proposition EH implies that 
there exists n\ 6 N such that 



||rAr +1 (x,/iL>,2;,/i)|| Lq(IRd) ^ LI . (R(i) < Ch -- * _^ 

On the other hand, we can write 

(h 2 P - z)~ no = h~ 2no {P - h- 2 z)- no 
thus Proposition 12.31 shows that there exists n £ N such that for every r £ [l,oo], 

\\{h 2 P - z)- n °\\ Lr{Rd) _> Lr{Rd) < C r h~ 2n ° ( ^"'j )" < C r h~ 2n ° (^)", 

where we used that for every h e]0, 1], every z £ C\[0, oo[, 

(h- 2 z) <c (z) 
\Imh~ 2 z\ ~ |Imz| 

The proof of (|2.15p is completed by taking A > n\ + n in (|2. 13|) . Let us next prove 
(|2.16p . It suffices to prove the result for s an even integer. It is sufficient to study 
the action on L 2 (W i ) of the map 

f B(p(z)(h 2 P - z)~ l (l + h- 2 h 2 P) s / 2 r N+1 (x, hD, z, h)(l - h- 2 h 2 A) s / 2 dL(z), 
Jc 
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where A is the flat Laplacian on ~K d . We can then write 

(1 + h~ 2 h 2 P) s ' 2 r N+1 (x, hD, z, h)(l - h~ 2 h 2 A) s / 2 = h~ 2s 7 N)S (x, hD, z, h), 

where r^ )S {-,-,z,h) G g-N—i+2s ^ifa semi-norms uniformly bounded with respect 
to h g]0, 1] by a by a polynomial of (|2.6p . Therefore, for N + 1 — 2s > d, we can 
apply (|2,4p and Proposition 12.41 to conclude the proof of (|2.16p . This completes the 
proof of Lemma 12.81 □ 

Combining Lemma f2.7l and Lemma [2.81 completes the proof of Proposition ^. 51 □ 

We will now give several consequences of Proposition 12.51 that we will use in the 
sequel. We first quote the following proposition which is a direct consequence of 
Proposition 12.41 and Proposition 12.51 

Proposition 2.9. Let ip G Cg°(M). Then for every h G]0, 1], every 1 < r < q < do, 

lk(^ 2 -P)lli9(Rd)^i-(]Rci) < C qr h d{ ~'^ 

Next, we state a consequence of the Littlewood-Paley theory in terms of <p(h 2 P). 
Consider a Littlewood-Paley partition of the identity 

id = ^(p)+ J2 ^ 2p )' 

h~ 1 : dyadic 

where <p x G Cg°(R), p G Cg°(M\{0}) and "/i" 1 : dyadic" means that in the sum 
h^ 1 takes all positive powers of 2 as values. The existence of such a partition is 
standard (see e.g. [1]). We then have the following statement. 

Proposition 2.10. Let T > 0. Then for every u G C([0, T]; S(R d )), every p G 
[2, oo], every q G [2,+oo[, 



\ u \\l p t li < C\\u\\ L c* L 2 +C( Yl lb(^ 2 -P)«lllp. 



Lp[0,T] 



T 

h~ 1 : dyadic 

Proof. Proceeding as in [SJ Corollary 2.3], we obtain that 

\Wl* t l« < C\\u\\ L¥L2 + C\\ ( ^ ||v(/» 2 P)«[|i») 

ft -1 : dyadic 

Since p > 2, the Minkowski inequality completes the proof of Proposition 12.101 □ 

In the proof of Theorem [2j we will make use of the following statement. 

Proposition 2.11. Let ip G C^°(M\{0}). Then for every s£R there exists C s such 
that for every w G 5(R d ) ; every h G]0, 1], 

(2.17) \\<p(.h 2 P)w\\ L 2 iRd) < C s h s \\w\\ Hs{R d } . 
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Proof. Using (|2.3[) and the spectral theorem for P, we can write 

Mh 2 p)w\\ L 2 = y{h 2 p)(i+pr s / 2 (i + py/ 2 w\\L* 

< C\\ip(h 2 P)(l + P)-' /2 \\ L 2^\\w\\ H ' 

< C sup (1 + A)~ s / 2 \\w\\ H s < Ch s \\w\\ H s . 

This completes the proof of Proposition 12.111 □ 

In applications to nonlinear problems, one may also need to use LP versions of 
Proposition 12.111 Here is a precise statement. 

Proposition 2.12. Let ip G Cq°(M\{0}) and p G [l,+oo]. Then there exists C such 
that for every w G 5(M a! ), every h G]0, 1], 

y{h 2 P)w\\ LP ( Rd) < C h\\w\\ w i, P(Kd) . 
Proof. In view of Proposition 12.51 it suffices to establish the bound 

\\a(x, hD)w\\ LP{R d ) < C h\\w\\ W hp(M d ) > 

where a(x,£) is satisfying (EHUD and (I2TTT) . Let tf) G C^(R d ) be such that 

a(sc,£)^(£) = a(x,g) . 

Thanks to Proposition 12.41 the map a(x,hD) is bounded on L p (M. d ) and thus it is 
sufficient to prove that 

\\^{hD)w\\ LP(Rd) < Ch\\w\\ w i, P(Rd) 

which is a well-known fact (see e.g. [U Chapitre 2], p2]). This completes the proof 
of Proposition EE2J □ 

Remark 2.13. Proposition ^. 12] will be important in the proof of Theorem^ below. 
A similar bound in the context of a compact manifold was used in [8] . The additional 
point here is again the LP boundedness of the remainder in the pseudo differential 
expansion of ip(h 2 P) established in Proposition \2.5\ 

3. The Isozaki-Kitada parametrix 

This section is devoted to the construction of Isozaki-Kitada. We only give the 
details for those arguments which are not written explicitly in the papers of the 
reference list. The reader interested in having all the details for the proofs of the 
statements in this section can consult [281 Section 4], [2, Appendice],[3l Appendix]. 
The reader may of course wish to consult the original paper by Isozaki-Kitada [21] 
which is nevertheless only written for potential perturbations and not in the semi- 
classical regime. 



ON STRICHARTZ ESTIMATES 15 

In this section g is a metric on R rf satisfying (jl .8f) and (|1.9p . For J <g]0, +oo[ an 
open interval, R > and <r G] — 1, 1[, we consider the outgoing and incoming zones 
J, a) and r _ (i?, J, cr), defined by 

r ± ( J R,j,a) = {(x,OeR 2d : \x\>R, |£| 2 G J, ±^l|>- ff }. 

m£ 



The next statement is proved in Robert |28|, prop. 4.1] (see also p 

Proposition 3.1. For every interval J (e]0, +oo[, every a g] — 1,1[ there exist a 
large number R and phase functions S± G C°°(R 2d ;IR) satisfying 

g(x)(V x S±,V x S ± ) = |£| 2 , (x,OeT ± (R,J,a) 

and, for every (a, (5) G N 2d ; i/iere exists C a/ g smc/i i/iai for every (x,£) G R 2rf ; 

\d%dl(S ± (x,0 - <x,£))| < C^(x) 1 -^ . 

We next state an easy consequence of Proposition 13. 1[ 

Proposition 3.2. For every interval J (e]0, +oo[ ; every a g] — 1,1[ there exist a 
large number R and two families of phase functions 

(S ± , R ) R > R €C°°(R 2d ;R) 

such that 

(3.1) 9(x)(V x S ±jR , V X S± >R ) = |£| 2 , (x, £) G r±(i?, J a) 

and, such that for every (a, (3) G N 2d , there exists C a p such that for every (x,£) G 
R 2d , every R > 2R, 

\d^d^(S ±>R (x,0 - <x,£»| < C af3 mm ((x) 1 ^! , R 1 -^ . 

Proof. Let Jo be an open interval such that J <<= Jo <s]0,+oo[. Define a smooth 
function 0j,j o such that 



'J, 



Jo( x ) 



1 when x G J, 
when x ^ Jo- 

Let us next fix gq such that o"o G]<7, 1[. Let Ko- i(J o De a monotone smooth function 
such that 

1 when x > — cr, 
when x < —ctq. 



^(T,<TQ (*^) 

Next, let x G C°° be monotone and such that 

1 when x > 1 



x0*0 



when x < 1/2. 
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For R > 1, we define xr( x ) as 

Then for R > 1 and R > 2i? the function i^r^x,^) defined as 

^(z, = xr(x)0j,jM 2 )^o ( ± My) 

satisfies the properties 

supp ^ C T±{R/2, J , (T ) C r±(j?, J ,<To) 

and Tpfi(x,£) = 1 for (x, £) G r ± (i?, J, cr). The functions ip R (x,£) also enjoy the 
bounds 

(3.2) |9^±(x,£)| < C7 a/3Ar min((x)-l a U" |a| )(0 _iV 

with a constant C a sj^ uniform with respect to R> R. 

For i? 3> 1, let us denote by S, R (x, £) the phase function given by Proposition [37T] 

associated to Jo, o"o and R. Then, by invoking (|3,2p and the fact that the derivatives 
of ipj^ with respect to x are supported in a set {x > i?}, we observe that the phase 
functions S± ; r defined as 

S±,r(*> = 4>r(x, OS ±:R (x, + (1 - ^(x, OX*, 
satisfies the claimed properties. This completes the proof of Proposition I3.2L □ 

For a given real number fi, we denote by S(/j,, — oo) the set of smooth functions 
a(x,£) on M. 2d such that for every JVeN, every (a, (3) G N 2d there exists a constant 
CnoP such that for every (x,£) G M M , 

We equip S(fj,, — oo) with the natural Frechet space topology. The next proposition 
is devoted to the semi-classical Isozaki-Kitada parametrix. 

Proposition 3.3. Let us fix an open interval J d]0, +oo[ and a €] — 1, 1[. Consider 
the open intervals J\ and J2 so that 

J <£ J\ m J2 cs]o, +oo[ 

and real numbers 

cr < o~\ < 02 < 1 • 

Then there exists Rq 3> 1 such that for every N G N \ {0}, every k G N ; every 
R > ^o> ewer?/ x± G S(—k, —00) supported in T ± (i?, J, a) we can /md: 
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• a sequence 

afeS(-j,-oo), j = 0,l,...,N 

of smooth functions on M. 2d supported in r ± (i? 1 / 3 , J2, 02), 

• a sequence 

bf G S(—k — j, —00), j = 0,l,...,iV 

of smooth functions on M. 2d supported in r ± (i? 1 / 2 , Ji,a±) 
such that for every h G]0, 1], every ±i > 0, 

N N 

e-^ p X± ( X ,hD) = Js ±Rl/4 (E h3 4y- lih2P0J s ±Rl/4 (E hJb t 

j=0 3=0 

+h N+1 R±(t,h), 

where the phase functions S± R i/4, are defined (with i? 1 / 4 instead of R) in Proposi- 
tion \3.$A Pq = —A denotes the flat Laplacian on M. d and the maps Js ± 1/4 (q) are 
defined by 

J S±Rl/4 (q)u(x) = (2nh)- d J J e Us± >R ^0-(v,0) ^ $ u (y) dyd ? . 

Moreover, for every T > 0, every N > 1 and every positive integer s, there exists C 
such that for every h G]0, 1], every ±t £ [0,Th~ l ], the remainder R N (t,h) satisfies 



(3.3) (P + l) s R%(t,h)(P + l) 



L 2 (M. d )^L' 2 



<ch N-4s-2 



Proof. For the precise construction of and b^ we refer to |28l Section 4], [2]. 
However, for the convenience of the reader, we recall the main lines of the method 
in the outgoing case (the incoming one being similar). We first choose J3,o"3 such 
that J2 (s J3, o"2 < (T3 < 1 and then choose S, R i/4 = S + (for shortness) as in 

Proposition 13.21 solving the Hamilton-Jacobi equation (|3.ip on r + (i? 1 / 4 , J3, (J3). We 
then look for a symbol 

a + = a£ + haf H h h N aj f 

supported in r + (i? 1 / 3 , Ji,<J2) such that 

Js + (c N (h)) := (h 2 P)J s+ (a + ) - J s+ (a + )(h 2 P ) 

has a "small contribution" (see (13.6|) below). This leads to a system of equations 
for oSq,-- - ,atj that take the form of rather standard (time independent) trans- 
port equations, but only in the region where the Hamilton-Jacobi equation (|3.ip 
is satisfied. For R large enough, we can solve these equations in a neighborhood 
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of r + (i? 1 / 3 , J2, (T2) and by cutting off these solutions by a function supported in 
r+fT? 1 / 3 , J 2 ,cr 2 ) which equals 1 near r+(i? 5 / 12 , J x , d{) (notice that 1/3 < 5/12 < 
1/2) with o"i < (Ti < cr 2 , we can build aj, • • • , a^- so that 

(3.4) cjv(fc) = h N+l r N+l {h) + cjv(/i) 

with (rjv+i(/i))o<fe<i hi a bounded set of S(—N, —00) and (cjv(^))o</i<i i n a bounded 
set of 5(0, —00), supported in r + (i? 1//3 , J2,o"2) and such that 

(3.5) ctv(/i) = near r+(i? 5 / 12 ,Ji,ai). 

Note that the symbol cjv(/i) is a priori not small, because of the term cjv(/i). How- 
ever, using (|3.5|) . we shall see afterwards that the contribution of Js+(cN(h)) to the 
final remainder term of the parametrix is harmless, once multiplied from the right 
by another FIO with nice support properties. Next, remarking that we can choose 
Oq~ non vanishing near T + (B}' 2 , J\, a\), we can solve another family of (algebraic) 
equations for b$ , • • ■ ,6^ such that 

b+ := b+ + ■ ■ ■ + h N b+ 

is supported in T + (i? 1 / 2 , J\, a\) and satisfies 

J s+ (a + )J s+ (&+)* = x +(x, hD) + h N+1 r N (x, hD, h) 

with (r'Ar(/i))o</i<i in a bounded set of S(— N, — 00). More precisely, the standard 
composition rule for the computation of the symbol of Js + (a + ) Jg+(b + )* (see [26] ) 
show that the above equation leads to a triangular system with unknown 6q, . . . , b^ 
and Oq on the diagonal. 

Combining this last equation and the fact that 

(3.6) e-^ h2p J s+ (a + ) - J s+ (a^^ 

= -lj\-^ h2p J s+ {cm)e'^ h2Po dr, 

we can then represent the remainder of the Isozaki-Kitada parametrix as 

h N+1 R+{t, h)=I + II + III, 

where 

/ = -/^+V^ 2p nv + iOz,/iA^) ! 

II = -ih N /*e-^ 2p J5 + (r> + i(/ i ))e- i ^ 2po dr o J s+ {b + Y 
Jo 

III = 4 f e-^ h2p K h {r)dr, 
h Jo 
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with Kh(r) an operator with kernel JC(x, y, h, r) satisfying, for all M > and a, (3 G 

(3.7) |^/C(x,y,/i,r)| <C^ M ^ M (l + kl + |y| + r)- M , r > 0. 

Here Kh(r) = Js + {cN{h))e l h h p ° Js + (b + )* contains the contribution of cjv(/i). The 
above estimate follows from a non stationary phase argument (see [2j Proposi- 
tion 2.4.7]), by exploiting the support properties of c^{h) and b + . For the sake 
of completeness, and to somehow prepare the reader to the stationary phase argu- 
ment used in the next section, we recall how to prove (|3.T[) . This proof can be found 
in [21 j for potential perturbations in the non semi-classical case (h = 1). Here we 
reproduce the proof of [2] . 

The kernel of K^ir) at the point (x,y) is given by an oscillatory integral over a 
fixed compact set in the £ variable and the phase function 

ih-\r\t\ 2 + S + (y,0-S + (x,0). 
More precisely the integration is over those £ such that 

(3.8) (x,0 £T + (R 1 / 3 ,J 2l a 2 )\r + (R 5 / 12 ,J 1 ,d 1 ) and (y, £) G F+iR 1 / 2 , J x , a x ). 

Estimate (|3,7p follows from standard integrations by parts using the following lemma. 

Lemma 3.4. There exist c > and Rq > 1 such that for every r > 0, every x, y, 
£ satisfying h3. 8]) . every R > Rq, 

(3.9) |V 5 (r|e| 2 + S + (y,0 - S+(x,£))\ > c(l + r + \x\ + \y\). 

Proof. For simplicity, we use the notation cos(x,£) = (x,£)/|x||£|. We will also use 
the following statements that are easily checked: 

cos(t/,t/) > -a > -1 \ri + rf\ > (1 - M) 1/Z (M 2 + W\ 2 ) 1/2 , 
\ri-rf\ < e\r]\ \ cos(r]",r)) - cos(r/', rf)\ < 2e, Vr?" G R d \ 0. 

One then remark that if (|3.8p holds then either |x| < R 5 / 12 or — cri > cos(x, £) > — o~2- 
Assume first that \x\ < R 5 / 12 . Fix e such that 02 — o\ > 2e. By choosing R large 
enough, we have |V^5+(y,£) — y| < e|y| and thus cos(V^S + (y, £), £) > — | era | . This 
implies that 

|V ? (r|e| 2 + S + (y,0)\ > (1 - k 2 |) 1/2 (4r 2 |e| 2 + |V^ + (y, £)| 2 ) 1/2 

from which ([321) follows easily since |V ? 5 , + (x, £)| < R 5/12 and |V 5 5+(y,£)| > i? 1 / 2 . 

We now assume that — a\ > cos(x, £) > — 02. It suffices to show that, if R is large 
enough, there exists a G (—1, 1) such that 

(3.10) caB(Vt(S+(y,0-S + (x,Z)),S)>a, 
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(3.11) cos(-V 4 S + (x,0,V^ + (y,0) > ° 

provided (|3.8f) holds. Indeed, the estimate (13. 1QH implies that the left hand side of 
([231 is bounded from below by c(4r|£| 2 + |V ? (5+(x, |) - 5+(y, 0)1) and then (|3TTT|> 
implies that |Vg(5 + (z, Q - 5 + (t/, Q)| > c(|x| + |y|). 

It remains to prove (13.101) and f)3. 1 1 1) . Let us choose e > such that o\ — o\ > 4e. 
Observe that o\ + 2e € (—1, 1). By choosing R large enough, we have 

(3.12) cos(V f S+(y, 0,0 > -^l - 2e and 2e - crj > cos(V 5 5+(:c, 0,0 

Therefore S/^S + (y,^) ^ V^S + (x,( t ) and the left hand side of (|3.10p reads 

\V 5 S + (y,Q\ cos( VgS+ (j/,0,0 - | Vg5 + (x,Q| cos(V^ + (x,Q, Q 
|V^+(i/,0-V c 5+(x,0l 

Now, using that for every a£l, every X,Y e M. d , X j^Y, 

\Y\ - \X\ 

we deduce that (|3.10p holds with a = —\<J\ + 2e\. Finally, we see that (|3.1ip must 
hold for some possibly lower a since otherwise we could find sequences (xj), (yj), (0) 
satisfying (|3,8p . — 5i > cos(xj,£j) > —02 and such that 

lim v^+(^,Q) = lim v$5+(j/j,Q) 



*oo |V € 5 + (x j ,^-)l |V|S+(2/7,0)l 

which is forbidden by (|3.12p and the fact that — <ti — 2e > 2e — o\. This completes 
the proof of Lemma 13.41 □ 

Therefore, we get the bounds 

|| (P + l) s r N+1 (x, hD, h)(P + in| i2 ^ L 2 < Ch- 4s , 

and 

\\(P + l) s K h (r){P + 1) S \\\ L ^ L 2 < Ch M , 

for r > and h s]0, 1] (in particular, we see a posteriori that the contribution of 
cjsr(h) in the remainder of the parametrix is 0(h°°)). Finally, using the I? bound- 
edness of FIO (see e.g. [26]), we have that, for every a € 5(0, — oo) and every k G N, 
there exists a such that 

! P) fc J5 + (a)IU^ < C k , a , 
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and hence 

(p + iyjs + ^N + i(h))e-^ h2p j s+ {b + Y(p + iy 



[P + l) s Js + (rN + i(h))e-^ h2p ((P+iyJs + (b + )y 



< Ch~ 4s 



By integrating the corresponding estimates to II and III over an interval of size 
Th~ l we get the result d3T3j). □ 

Remark 3.5. Note that the control of the remainder is easier in our case than in 
[281 12] since we only need to integrate on [0, T/i -1 ] in r whereas in [28j [2] one has 
to integrate overW + . Moreover, we do not use any non trapping assumption on the 
metric: this is the main point in this paper. 

4. Strichartz estimates outside a large ball 

The goal of this section is to prove (jl.lOp . The main point is to prove the following 
statement. 

Proposition 4.1. Let tp G Cq°(M\{0}) and let g be a metric on R rf satisfying U.8\) 
and tl.9\) . Then there exists R > such that for every T > 0, every (p, q) satisfying 
jl-4\ ), every \ G C^iW 1 ), x = 1 for \x\ < R, there exists C > such that for every 
f G L 2 (R d ), every h G]0, 1], 

(4.1) ||(1 - x)e~ UP ^h 2 P)f\\ LP{[ _ Wq{Rcl)) < C||/|| L2(Rd) . 

Remark 4.2. We could have spectrally localized f in the right hand-side of 14- 
i.e. one could have replaced ||/||i,2( R d) by \\ip(h 2 P)f\\ L 2^dy Indeed, let (p G Cq°(R) 
be equal to one on the support of (p. Then ip = <pip and we can apply J^.ip with (p 
instead of (p. 

Proof. Recall that we denote by P the self adjoint realization of — A g on L 2 (M. d ). For 
X G Cq°(W 1 ), x = 1 for \x\ < R, a partition of unity argument and Proposition 
allow to write 

JV 

{l-xMh 2 P) = Y, hk ( 9 t( x > hD )+ e k( x > hD )) + hN+lR N, x ( h ) 

k=0 

where 9^ G S(—k, — oo) and for some J (s=]0, +oo[, a± g] — 1, 1[, 

supp Q± C T ± (R,J,o±). 
More precisely, o~± and J should be such that 

: \x\>R, p(x,0 G supp(^)} C T + (R, J,a+) UT~(R, J,0-). 
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Let us notice that a± can be taken both 1/2. 

Furthermore the remainder is such that for every s > there exists C > such 
that for every h e]0, 1], 

II (p + iy/ 2 R N , x (h)(p + iy /2 \\ L ^ L 2 < ch~ 2s . 

In addition by the elementary properties of the h pseudo differential calculus (cf. 
e.g. [26]), we can also write 

N 

(1 - xMh 2 P) = J>* (x* (*> + Xk (*> hD f) + h N+1 R N , x (h) , 

where xf an d ^N,x(h) have similar properties to 6^ and Rn jX (Ii) respectively. Using 
the Sobolev embedding, by taking N large enough, we get the bound 

\\h N+1 R N>x (h)e- itP f\\ LPTLq < C\\f\\ L2 , 

provided (p,q) is satisfying (II. 4p . Therefore it suffices to prove the bound 

(4-2) \\xt(x,hD)*e- itp f\\ LPTLq < C\\f\\„ . 

Since xi{ x i hD)* e~ ltp are clearly L 2 bounded, uniformly in h and t, thanks to the 
Keel-Tao theorem (see [23], [U Proposition 2.8]), to get (|4.2p . it suffices to prove the 
dispersive inequality 

xi{x,hDf e~ itp e isP xi{x,hD)f\ Loa < _° \\f\\ L i m , i,a€ [-T, T] , 

uniformly with respect to h. By the time rescaling t \— * ht, and by defining the maps 

U£ h (t) = xt(x,hDye- ihtP , t 6 [—h~ l T, h~ l T) , 

it suffices to prove the dispersive inequality 
(4.3) 

PUt) (U± h (s))* /|L-(»«) ^ (^-^Dd/a ll/ll^' G [-^ 1 T,/ l - 1 T] . 
Clearly 

(4.4) 0± (t) (*))* = xf (s, fcD)* e-^- s ) p X ±(x, fcD) . 

Denote by i£±(i — s, x, y, h) (we do not explicit the dependence on k) the kernel of 
(|4.4p . In order to prove (|4.3p . it is sufficient to show that there exists C > such 
that for every /i g]0, 1], every x, y G M d , every t,s£ [— h~ 1 T, /i _1 T], t s, 

(4.5) |K±(t-s,x,y,/i)| < C7|/i(t-s)r d/2 . 
The next lemma contains the main trick in our analysis. 
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Lemma 4.3. For K + , it suffices to prove \4-5\ ) for t — s > 0. Similarly, for K_, it 
suffices to prove for t — s < 0. 

Proof. We only consider K + , the analysis for K- being similar. Suppose that (|4.5p 
holds true for t — s > 0. Let t, s € [— /i _1 T, /i -1 T] such that t — s < 0. Since 

(qj h wr = o^cor)* 

we obtain that 

K + (t - s, x, y, h) = K + (s - t, y, x, h) . 

Since s — t > 0, our assumption that (|4.5p holds for positive values of the first 
argument of K+ implies that 

\K + (t - s,x,y,h)\ = \K + (s -t,y,x,h)\ < C(h(s -t))- d / 2 

which completes the proof of Lemma 14.31 □ 

It is now clear that the proof of (|4.5p . and thus of Proposition 14. 1\ will be finished, 
once we establish the following lemma. 

Lemma 4.4. There exists R 3> 1 and C > such that for every h G]0, 1], every 
±t ejO^^T], every x,y £ R d , 

\K±(t,x,y,h)\<C(±ht)- d / 2 . 

Proof. As before, we only consider the case of K + . Denote by /C+(i, x, y, h) the ker- 
nel of exp(— ithP)Xk(x, hD) and by )C + (x,y,h) the kernel of xt{x,hD)* . Clearly 
}C+(x, y, h) satisfies the assumptions of the Schur lemma uniformly in h, and there- 
fore by writing 

K + (t,x,y,h) = / K.+ (x, z, h)fC+(t, z,y,h)dz, 

JWL d 

we infer that 

\K + (t, x, y,h)\ < sup \JC + (t, z, y,h)\ / \JC + (x, z, h)\dz < C sup \K+(t, z, y, h)\ . 

Therefore, it suffices to prove that there exists C > such that for every h g]0, 1], 
every t G]0, h~ l T], every x, y G M. d , 

(4.6) \>C + (t,x,y,h)\ < C{ht)- d ' 2 . 

In order to prove (|4.6p . we will of course use Proposition 13.31 With the notations 
of Proposition 13.31 since for TV 3> 1, the map R^{t,h) is bounded, uniformly with 
respect to t, h, from H~ s to H s with s > d/2, we deduce that its kernel is bounded 
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uniformly with respect to h e]0, 1], t G [0, /i _1 T]. Therefore, in view of Proposi- 
tion 13.31 by expressing the kernel of 

estimates ()4.6[1 will be established once we prove that there exists C > such that 
for every h g]0, 1], every i g]0, every x,y € M. d , 

(4.7) (2vr/i)- d / e^+^'^afoOK^O^ <C(/ii)~ d/2 , 

where the phase is defined as 

$+(t,i? 5 x,y,C) = S +jR i/t{x,g) - S +jR i/i(y,0 -t\£\ 2 

and a(x,£), b(x,£) are fixed smooth functions supported in 

{(x,0 G R 2d : \x\ > R > 1, < c < |f | < C7} 

for some positive constants c and C. In the proof of (|4.7p . we will consider two 
different regimes for i. If t G [0, /i] then, using the support property with respect to 
f , the left hand-side of (|4.7j> can be estimate by Ch~ d which, for t < h, is bounded 
by C{ht)- d / 2 . Therefore, we can suppose that t > h m. (|4.7jh In this case we will 
take advantage of the rapid oscillations of exp(i/i -1 <J> + ). When t > h, the natural 
big parameter is th^ 1 . We thus set 

y, = ^ a, z/, 0. 



where 

*+(t, fl, x, y, = . _ |^| 

We can write 



S +jR i/4 (x, f ) - S +tR i/4 (y,0 



$+(t,R,x,y,£)= / (V x S +Rl/i {y + a(x-y),0,x-y)^ - |f| 2 . 

Jo 1 

Therefore, thanks to the properties of the phase function S + R i/4 displayed in Propo- 
sition 13.21 we obtain that 

V S R, x, y, = ^ - 2£ + Q(JJ, x, y, ■ 

where Q is a <i x d matrix satisfying the bound 

\d^Q(R,x,y,0\<C(sR-P, 

for R 3> 1, x,y G M d , f on the support of a(x,£)b(y,£). 
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Therefore, there exist i?o > 1 and Co > such that for R > Ro and > Co, 

we have that, for |£| £ [c, C], 

(4-8) \V^+(t,R,x,y,0\>\^-\ 
and 

(4.9) \d^+(t,R,x,y,0\ < Cp\^-\, \P\ > 2. 



Therefore using (|4.8p . (|4.9p and integration by parts with respect to £, we deduce 
that for every A > 1, the left hand-side of (|4.7p is bounded by 

C/i^Ca^ 1 )^ < C(/jt)- d/2 , 

provided A is taken bigger than d/2. 

We can therefore suppose that i, x, y are such that t > h and 

(4.io) \^y\< Co . 

In this case, we evaluate the left hand-side of (14. 7p by the stationary phase. Under 
the condition (|4.10p . we can write 

V 2 ^ + (t, R, x, y, = -2Id + VsQ(R, x, y, • ^ = -2Id + 0(Rr") . 
Therefore for R S> 1, the map 

is a diffeomorphism from M. d to In particular, for fixed t > h, x, y satisfy- 
ing (|4,10p . the phase <&+ has a unique non degenerate critical point £ cr (t, R, x, y). 
Moreover, thanks to fljjnP , for |/3| > 1, 



d?$+(t, R, x, y, £ cr (i, R, x, y)) 



We can therefore apply the stationary phase estimate to conclude that for t > h and 
(t,x,y) satisfying (|4.1U|) . the left hand-side of (|4.7|) is bounded by 

Ch~ d (th- 1 )-^ 2 = C{ht)~ d l 2 . 

This completes the proof of Lemma 14.41 □ 

This completes the proof of Proposition 14.11 □ 

It is now clear that (jl.lOp will be proved, once we establish the following statement. 



26 JEAN-MARC BOUCLET AND NIKOLAY TZVETKOV 

Proposition 4.5. Let g be a metric on M. d satisfying \1.8\) and \1.9\) . Then there 
exists R > such that for every T > 0, every (p, q) satisfying {1.$ , every % € 
C~(]R d ) ; x = 1 f or \ A < R, there exists C > such that for every f £ L 2 (M d ), 

11(1 - X)e~ ltF f\\LP([~T,T];Li(R d )) < C \\ f \\ L 2 (j^d) . 

Proof. Set 

u = e- itP f. 
Using Proposition 12.101 we can write 

(4.11) ||(i - x )u\\ L v TLq < c\\f\\ L , +c{ Yl M^PKi - xMb T L,)* ■ 

h~ 1 : dyadic 

Let tpx E Cg°(IR\{0}) be equal to one on the support on <p. We can write 

<p(h 2 P)(l- X ) = ^ 2 P)</>i(/i 2 P)(l- X ) 

= <p(h 2 P)(l - X )Mh 2 P) + y{h 2 P)[x, Vi{h 2 P)] ■ 
Using Proposition 12.91 and Proposition 14.11 (see also Remark I4.2p . we have 

(4.12) \W{h 2 P){l - X )Mh 2 P)u\\ L , TLq < C\\Mh 2 P)f\\ L i ■ 
Using the Schur lemma, we get 

\\[ x ,Mh 2 P)]\\L^<Ch, \\[\x,Vi(.h 2 P)]Mh 2 P) 
Thus, using Proposition 12.91 we can write 



< Ch 2 

L 2 ^L 2 



y(h 2 P)[ x ,<pi(h 2 P)]u\u Lq < ch- l y(h 2 p)[ x ,Mh 2 P)]u\ 



_. j I ! ' ' L > !■■->. / J I I Ij^p Tj~^ 



< ch\\u\\ LU2 + cMh 2 p)f\\ 



L 2 



< Ch\\f\\ L 2+C\\cp(h'P)f\\ L 2. 

In view of (|4.12p and the last estimate, coming back to (|4.1ip completes the proof 
of Proposition 14.51 □ 

5. Semi-classical time estimates and applications 

In this section g is a metric satisfying (|2.ip . (|2.2p . The next proposition describes 
the WKB approximation for solutions of the semi-classical Schrodinger equation 
for times which are small but independent of the semi-classical parameter. This 
construction is well known (see e.g. [26]). Here is the precise statement. 



Proposition 5.1. Let a(x,£) be a smooth function on Mr satisfying 
(5.1) \d^a(x,0\<C aP , V(a,/3)EN M , 
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(5.2) 3R > : a(s,f) = 0, for |£| > R. 

Then there exists a > 0, i/iere existe 

S(t,x,£) G C°°f[-a,a] xB d xI 



and a sequence of smooth functions aj(t, x, £), j > compactly supported with respect 
to £ snc/i i/ia£ /or every uq G L 2 (M d ) ; every h G]0, 1], every JVsN, £/ie solutions of 
the problem 

(ihdt + h 2 A g )u = 0, n| t =o = a (£> hD)uQ 
can be represented, for t £ [—a, a] as 

u(t, x) = Jjv(i)n + R N (t)u Q , 

where -R/v(t) satisfies 

(5.3) II^vWIIlWHW) <C7 i JV+1 - fc , 0<A;<iV+l 

uniformly with respect to t G [—a, a], and 

r N c 

J N (t)u = (2irh)~ d / e^- 1 ^)[^a,(t, 2 ;,0^]^(|)^. 

Moreover S(t, x, £) is i/ie solution of the Hamilton- J acobi equation 

d t S + g(x)(V x S,V x S) = 0, S\ t=0 =x-Z 
and aj(t,x,£) are solutions of the transport equations 

d t a + 2g(x)(V x S, V x a ) + A g S a = 0, a (0, x, £) = a(x, £) 
/or j = 0, and 

<9 t Oj + 2#(x)(V :c S', V^aj) + A g S aj = iA g (aj-i), a,j(0,x,£,) = 

for j > 1. Finally, there exists Cjv > snc/i £/ia£ i/ no G L 1 (M d ) £/ien /or every 
t G [—a, a], every /i g]0, 1], 

II"//v(*Vo||l°°(]R<*) ^ (UUW2 IKIUl(]Rd) • 

Proof. The proof of Proposition 15.11 is given in [8] when a(x,£) is supported in a 
coordinate patch of the cotangent bundle of a compact manifold. The analysis in 
the case here is slightly more delicate since the L 2 bound of the remainder is not 
straightforward as in [8j. However, using that for |t| < a <C 1 one has 

\V x V^S(t,x,C)-ld\ < 1, 

we can apply the standard result for L 2 boundedness of FIO (see e.g. [26]) from 
which (15.31) follows. □ 
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After the time rescaling t i— ► ht, as in [8] an application of the Keel-Tao theorem 
[23j gives the following Strichartz inequalities (homogeneous and non homogeneous) 
for the Schrodinger equation on semi-classical time intervals. 

Proposition 5.2. Let ip G Cq°(R). Then there exist a > and C > suc/i i/ia£ /or 
every interval Jcl o/ sue < a/t, h g]0, 1], i/u solves 

(id t - P)u = 0, u\ t =o = <f(h 2 P)u , u G L 2 (K d ) 

IMLp(,/;W(K<*)) < C7||^(/i 2 P)n || i2 

provided (p,q) satisfies jl-4\ )- 
Moreover, if u solves 

(5.4) (id t ~ P)u = ^(h 2 P)f, u|t=o = < 

(5-5) IMlLP(J ; L<J(R d )) ^ C \\ L P{h 2 P)f\\ L n{J;Lm 

provided (p,q) and ^zi) satisfy (L4\ ). 

As in [8] , Proposition 15.21 yields a Strichartz inequality, with derivative loss in 
classical Sobolev spaces. 

Proposition 5.3. Let T > 0. Then there exists C > such that if u solves 
(id t - P)u = 0, u\ t=0 = n , n G (M d ) 

IMIz4z/j(R d ) < C|ko||^i ( 
provided (p,q) satisfies {!■■$■ 



Proof. Thanks to Proposition 12. 10], it suffices to prove that for every cp G Co°(M) 
there exists C > such that for every h g]0, 1], every / G L 2 (W d ), 

\\ex P (-itPMh 2 p)f\\ LPTLq < chrkfWv ■ 

We split the interval [— T, T] into Ch^ 1 intervals of size ah, where a is the real 
number involved in the statement of Proposition 15.11 Using the L 2 boundedness 
of exp(— UP), and applying, according to the above splitting, about Ch^ 1 times 
Proposition 15.21 yields 

\\eM-itPMh 2 P)f\\ P LPTLq < Ch-'WfWl 
which completes the proof of Proposition 15.31 □ 
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The proof of Theorem [T] is now complete. 



Next, we state a non homogeneous extension of Proposition! 

Proposition 5.4. Let ip E Cg°(M) and T > 0. Then there exists C > such that if 
u is a solution of 

iu t - Pu = cp(h 2 P)f, he]0,l], f G L 2 ([0, T] x R d ) 

with initial data 

4=0 = <p(h 2 P)u , n G L 2 (R d ) 

then 

(5.6) \\u\\ L P TLq < C\\u\\ L¥L 2 + Ch- l / 2 \\u\\ LlL , + Ch l / 2 Mh 2 P)f\\ LlL ^ 

provided (p,q) satisfies [!.$ ■ 

Moreover, if d = 3, the following estimate holds 

(5.7) ||u|U L6 < C\\u\\ L ~ L 2 + Ch- l l 2 \\u\\ L%V2 + C\\ip(h 2 P)f\\ LlL6/5 . 



Remark 5.5. By taking f = and T ~ h, we observe that Proposition 1 5.^1 is a 
particular case of 115.6}) . 



Remark 5.6. Ford > 4, an estimate analogous to (5.1) holds. More precisely, one 
has to replace 6 by and 6/5 by 



Proof of Proposition \5.4\ Clearly we can restrict our considerations to the interval 
[0, T], the analysis on [— T, 0] being analogous (the sign of t in this discussion is 
harmless). Write 

(5.8) u(t) = e- itp <p{h 2 P)u - i ! e~'^- T)P ip(h 2 P)f{T)dT . 



Observe that u G C([-T,T\; L 2 (R d )). If T < ah, then Proposition [O] and the 
triangle inequality give 

\Hl» t l« < cMh 2 p)u Q \\ L 2 + cMh 2 p)f\\ L , TL , 
< c\\u\\ L ~ L , + ch l ' 2 Mh 2 p)f\\ LlL2 , 

provided (p, q) satisfies (|1.4p . Hence we can suppose that T > ah. Consider a 
splitting of [0, T] : 

[0,T] = [0,a]U JiU-.-U J fe U[6,T], 

where for j = 1, . . . k, there exists Cj such that 

r ah ah-, r ah ah-, 
J j = h - iriCj + ~o~] c [iT'T o~] • 
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We also suppose that a < ah and T — b < ah. We may also suppose that 

Cl < c 2 < • • • < c k . 

Clearly k < h^ 1 . Coming back to the Duhamel formula (|5.8p . using Proposition [521 
we obtain that for (p, q) satisfying (II, 4j) . 

(5.9) ||«]|iP([0,a];£«) < CII^IIl-L 2 + ^/l 1/2 ||^(/l 2 P)/|| L 2 ([0ia] xRd) ■ 

Similarly, we estimate the contribution of [6, T] by writing, 

(5.10) \\u\\LP([b,T];Li) 

We next define the intervals 

T , r ah ah-. 

Observe that Jj C [0,T]. Let us fix V G Cg°(R) such that ip = 1 on [-1/8, 1/8] and 
suppV C [-1/4,1/4]. Set 

^•(i):=V(^), J = l,...* 

and 

Uj(t) := ipj(t)u(t) . 
Observe that Uj(t) = u{t) for t € Jj and that «j solves the equation 

(id t - P)uj = itp'j u + ipj <p(h 2 P)f, Uj (0) = . 

Hence, by writing the Duhamel formula for Uj, using Proposition 15. 21 and the triangle 
inequality, we get for (p, q) satisfying (jl.4p , 

IMlLP(Jj,L9) < \Wj\\LP(J'.;L1) 

< Ch-^uW^j,.^ + cy(h 2 p)f\\ LHj; . L2) 

< Ch- l / 2 \\u\\ LH j, xWLd) + Ch l / 2 \\<p{h 2 P)f\\ L%J , xl 
Summing over j = l,...k, since p > 2, we get 



i=i J i=i J 



< ChS ( £ |M|| 2(J , xRd) ) § + CTif ( \\<P(h 2 P)f\\h(j' *«<)) 5 

^C/i-fHull^^ + C/ifll^P)/!^^ 
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Hence 

\\u\\LP([a,b);Ll) < Ch~2 \\u\\ L 2 L 2 + Chk \\ip(h 2 P) f\\ L ^ L 2 . 

Coming back to (|5.9p and (|5.10p completes the proof of (|5.6p . 

Let us now turn to the proof of (|5.T|) . It follows along the same lines as the proof 
of (|5.6p . Indeed, with the above notations, using (|5.5|) with d = 3 and p = p\ = 2, 
we obtain that 

IMU 2 (J 3 -,Z 6 ) ^ IKIIz 2 (Jj;Z 6 ) 

< ctt^m^.^ + c||^(^ 2 p)/|| i2(J ,. L6/6) 

< Ch- l ^\\ U \\ L 2 {J , xRd) +C\\<p(h 2 P)f\\ LHJ ,. L e /S) . 
Squaring and summing over Jj gives 

lklU 2 ([a,6];L6) < C/i~ 1/2 ||u|| z a L 2 + C||^(/l 2 P)/|| i 2 iL 6/ 5 . 

Similar estimates holds on [0, a] and [b,T] which ends the proof of (|5.7p . This 
completes the proof of Proposition 15.41 □ 

6. Using the non trapping assumption 

The proof of Theorem [2] will be completed, once we prove the following statement. 

Theorem 3. Let the metric g be non trapping and satisfying \1.8\) and M.9\) . Then 
for every T > and \ £ Co°(IR d ) there exists a constant C such that if u solves 

(6.1) iu t + A g u = 0, u\ t =o = u G L 2 (R d ) 
then 

\\Xu\\L p T Li(R d ) < C|l'"o|lL 2 (R d ) 

provided the couple (p,q) satisfies the admissibility condition 

Proof. The non trapping assumption is only needed for the next proposition. 

Proposition 6.1. The solution of 116. 1\) satisfies 

WxA L 2 tII ^ ^ c \\ u o\\lHri) ■ 

We refer to [To] for a proof of Proposition 16.11 Such estimates can be seen as a 
consequence of the smooth perturbation theory of Kato (see [21J Chapter XIII.7]). 
Let us also recall (see e.g. [9]) that, via a quite general argument using the Fourier 
transform in t, one can freeze the time and Proposition 16.11 follows from (the time 
independent) estimates on the resolvent of A g , namely 

(6.2) \\X(P-X±i0)- 1 X \\ L ^ L 2 <C(X)-^ 2 , A»l. 
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Recall that such resolvent estimates were extensively studied in particular in con- 
nection with the local energy decay for the wave equation (d 2 — A 9 )u = 0. For a 
proof of (16. 2ft , we refer for instance to [27l [5] . 

Notice that Proposition 16.11 is the only place in the proof of Theorem [2] where we 
use the non trapping assumption. 

Let us now come back to the proof of Theorem [3l It will be a suitable combination 
of Proposition O and Proposition El Let us fix (p £ C$°(R\{0}). Set 

v(t) :=v(h 2 P)xu(t). 

Then v solves 

[idt - P)v = -if(h 2 P) [P, x\u, 4=0 = ip(h 2 P) X u . 
We can now apply Proposition 15.41 to v which gives 



j nr. \ \ti\ \ L : 

provided (p, q) is satisfying (II. 4p . We now estimate separately Qi, Q2 and Q3. 
Bound for Q\. Using the functional calculus and the Schur lemma, we get 



vWi&ia <C\\<p(h 2 P) X u\\ L¥L 2 + Ch 2\\ip(h 2 P) X u\\ L 2 TL 2 

+ Chk Mh 2 P)[P, X ]u\\ LU 2 := Q1 + Q2 + Qs, 



(6-3) [<p{h 2 P), X ]w L2(Rd) < Ch\\w\\ L 2 {Rd) . 

This implies that 

Qi < C\\x^>{h 2 P)u\\ L ^ L 2 + Ch\\u\\ L o° L 2 

< C\\<p(h 2 P)u\\ L¥L 2 + Ch\\u\\ L¥L 2 

= CMh 2 P)u Q \\ L 2 + Ch\\u \\ L 2, 

where in the last line we used that exp(— UP) is an L 2 isometry. 

Bound for Q2. Let <p S Cg°(M\{0}) which is equal to one on the support of (p. 
Then using (|6.3p . we get 

Q 2 < Ch-^2 \\ip{h 2 P)x^{h 2 P)u\\ L 2 TL 2 + Chh |M| L oc L 2 := Q21 + Q22 ■ 

Since the support of ip does not meet the origin, we can use (I2.17P and thus 

Q21 < C\\ X ^h 2 P)u\\ L2TH 

An application of Proposition 16.11 gives 

Q 2 i<cy(h 2 p) Uo \\ L 2 

Clearly 

Q22 = Ch2\\u \\ L 2 . 
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Thus 

Q2 < C\\(p{h 2 P)u \\ L 2 +Chh\\u Q \\ L 2 . 
Bound for Q3. Let us take again <p G Cg°(M\{0}) which equals one on the support 
of ip. An application of Schur lemma yields the bound 

[p(h 2 P),[ X ,P]]w r2/ ^<C\\w\\ L 2 



Therefore 

Q 3 < Ch5\\<p(h 2 P)[ X ,P]<p(h 2 P)u\\ L 2 TL2 + Chh\\u \\ L 2 := Q31 + Q 
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Let us next fixate C^°(R d ) which is equal to one on the support of x- Then 



Q31 = Ch2\\ V (h 2 P)\x,P]x^P)u\\ L 2 



Lj,L 2 ■ 

Using (|2.17|) with s = —1/2, we obtain the bound 

Q31 < c\\\x,P]x<p(h 2 PM\# TH -h ^ cwxfttfpwi^ , 

where in the last line we used that [x, P] is a first order differential operator with 
C^°(lR d ) coefficients. A use of Proposition 16.11 yields 

Q31 < C\\<p(h 2 P)u Q \\ L2 

and therefore 

Q3 < C\\p(h 2 P)u \\ L 2 + Ch? \\uo\\ L a . 
Using the above bounds for Qx, Q2, Q3, we arrive at the bound 

(6.4) y(h 2 P) X u\\ L v TLq < C\\<p{h 2 P)u4 L 2 +Chk\\u \\ L 2 , 

provided (p,q) is satisfying (|1.4j) . With (|6.4p in hand the proof of Theorem [3] is 
reduced to an application of the Littlewood-Paley square function theorem. Indeed, 
consider a Littlewood-Paley partition of the identity 

(6.5) ld= Vl (P)+ Yl ^ 2p )' 

h -1 : dyadic 

where <p>i G Cq°(M), <p G C °°(IR\{0}). Using Proposition EUDJ we obtain that 
\\xu\\l p t li < C\\uq\\ L 2 +C{ ^ \\y(h 2 P) X u\\\ PLq y 



1 

, n ~ v 11 o n 1 - 1 v. 1 / 1 v- " .'. ; \ " I / / ■ i , I 

h^ 1 : dyadic 



Coming to the crucial bound (|6.4p . using that (p G Cq°(IR\{0}) for the first term in 
the right hand-side of (|6.4p . and, summing geometric series for the second, we arrive 
at the bound 

\\xu\\l p t li < C\\Uq\\ L 2 . 
This completes the proof of Theorem [3j □ 
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Remark 6.2. Let us observe that the constants depending on the time intervals 
[0, T] in all statements in this paper remain bounded as T varies within a compact 
set. In other words the only possible blow up of these constants is as T — > oo. 

7. NON HOMOGENEOUS ESTIMATES AND NONLINEAR APPLICATIONS 

The aim of this section is to give some applications of the estimates established 
in the previous sections to the Nonlinear Schrodinger equation 

(7.1) (id t + A g )u = F(u), u\ t =o = u , 

where u(t) : M rf —> C. The function F(z), z G C, is assumed to be smooth and van- 
ishing at z = 0. Moreover, we suppose that F = dV with a real valued "potential" 
V satisfying the gauge invariance assumption 

V(uz) = V(z), Vwe5\ VzGC. 

In addition, we suppose that for some a > 1, 

(7.2) \d kl d k2 V{z)\ < C klM (z) 1+a - kl ~ k2 . 

The real number a involved in (jT.2f) corresponds to the "degree" of the nonlinear 
interaction. The problem (17. ip may, at last formally, be seen as a Hamiltonian PDE 
in an infinite dimensional phase space, with Hamiltonian 

(7.3) H(u,u) = [ \V g u\ 2 + [ V{u) 

JR d JR d 

and canonical coordinates (u, u) (in (17. 3h we integrate with respect to the volume 
element associated to g). Therefore the quantity (|7.3p is formally conserved by the 
flow of (17. ip . Another formally conserved quantity by the flow of (17. ip is the L 2 
norm of u. In this section we make the defocusing assumption 

V(z) > 

on the potential V. Under this assumption the H l (M. d ) norm of the solutions of 
(|7.ip may be expected to be controlled uniformly in time under the evolution of 
(|7.ip . Therefore the study of (|7.ip in the space // 1 (M d ) is of particular interest. 

In the study of (|7.ip . LP analogues, 1 < p < +oo, of (|2.3j) are useful. More 
precisely one has the bounds 

(7.4) C'l\\{P + ir /2 n|| LP(Rd) < \\u\\ ws , P{Rd) < C.J(P+ l) s/2 n|| iP(Rti) . 

where 1 < p < +oo. Estimates (|7.4p follow from the LP ', 1 < p < +oo boundedness 
of zero order pseudo differential operators (see e.g. [32]). 

In this section, we give the rather standard consequences of Theorem Q] and The- 
orem [2] to the H 1 theory for (fTTj) . We start with a general result in dimension 
two. 
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Theorem 4. Let a > 1 be an arbitrary real number and let g be a metric on M 2 
satisfying \2. fl2.2\) . Then for every uq G H 1 ^ 2 ) there exists a unique global 
solution u G C(R; H^M. 2 )) of [Zip . 

Proof. Using Theorem [TJ we obtain the estimate 

(7.5) || ex-p(itA g )u \\ L P Lq < C\\u Q \\ i , 

1 MP 

provided (p, q) is satisfying (jl.4p . With (|7.5p in hand, the proof of Theorem|l]consists 
in word by word repetition of the analysis in [8] sec. 3.1 and 3.2]. □ 

Without the non trapping assumption, in dimension three, one can only get the 
following global existence result. 

Theorem 5. Consider the cubic defocusing NLS 

(7.6) (id t + A g )u = \u\ 2 u, u\ t=Q = u , 



where g is a metric on K satisfying \2. h2.2\) . Let s > 1. Then for every 
uo £ H S (JH 3 ) there exists a unique global solution u G C(R; H s (W i )) of the Cauchy 
problem j7.6\ ). 

Proof. It relies on Lemmas 17.11 and 17.21 below. The first one is a local existence and 
uniqueness result which is proved in [8] (using the 3 dimensional analogues of (|7.5p 
which follow from Theorem [1]). 

Lemma 7.1. Let s > 1 and p > 2 be such that s > | . Set o~ = s — 1/p and let 

q > 2 be such that (p,q) satisfy |j.^[ ). Then, for all uq £ H s and all to £ M, there 
exists e > and a unique 

u G C([t -e,t + e],H s ) n L p ([t -e,t + e},W^) 

such that 

(7.7) u(t) = e l(t - to)A °u - i f e i{t ~ T) ^ \u{r)\ 2 u{T)dT, 

Jo 

for all t G [to — e, to + e] 

The key step to get a global existence result is given by the following statement. 



Lemma 7.2. With s,p, a, q as in Lemma 7.1, the following holds true: if there exists 
T > and 

uG J C([0,T'],H s )nL p ([0,T'],W a ' q ) 

0<T'<T 
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solution of \7. 7\ ) (with to = 0) on [0, T'\ for all T' such that < T' < T, then there 
exists C such that 

sup |K*)||h» + / \\u(t)\\ 2 L ocdt < C 

[0,T>] JO 

for all < T < T. 

Before proving this lemma, let us show how we obtain Theorem [5j We consider 
T := sup{T' > | u solves (|7.7p (with to = 0) on [0, T"]} and we argue by con- 
tradiction, assuming that T < oo. Indeed, using standard non linear estimates 
and Corollary 2.10 of [8], Lemma 17.21 shows that u(T) : = lim^r it(i) exists in H s 
and that u £ L p ([0,T],W cr ' q ). Thus, by Lemma 17.14 we can continue the solution 
on [T,T + e], for some e > 0, with initial data u(T) which yields a contradiction. 
Of course, we argue similarly for negative times and this proves the existence and 
the uniqueness of a solution in C([-T,T],H S ) n £ P ([-T, T], W^ q ) for all T > 0, 
hence the existence of a solution in C(R, H s ). We omit the proof of the uniqueness 
in C(R, H s ) since it follows as in [8l 3.2] and since, here, the main point is the 
global existence. Let us finally notice that uniqueness of weak H 1 solutions can be 
established as in [8]. □ 

We now turn to the proof of Lemma 17.21 

Proof. The first tool comes from the conservation laws which imply that there is a 
constant C independent of t (only depending on ||iio||#i) such that 

(7.8) ||u(t)||ffi(K3) < C 

as far as the solution exists, i.e. on [0, T) here. The rigorous justification of these 
conservation laws requires a standard approximation argument (see e.g. [IB] ) The 
key quantity in this discussion is [|u[|j^2£«> (the number 2 is reflecting the cubic 
nature of the nonlinearity) . Consider again the Littlewood-Paley partition of the 
identity (|6.5p . Then v := (p(h 2 P)u solves the problem 

(id t - P)v = <p{h 2 P){\u\ 2 u) . 

Using Proposition 12.91 Proposition 15.41 and the bound (|7.8ft . we obtain that for all 
9 < inf(l,T/2) (see Remark EZ) 

Mh 2 P)u\\ L 2 Loo < Ch- l l 2 \\ip{h 2 P)u\\ L 2 L6 

< Ch 1 / 2 \\u\\ L?H i + Ch- 1 \\<p{h 2 P)v,\\ I?9 » + Ch-V 2 \\v{h 2 P){\u\ 2 u)\\ LlL&/5 . 



ON STRICHARTZ ESTIMATES 37 

Next, using Proposition 12.121 the Sobolev inequality and ()7.8|) . we obtain that 

< Ch 1/2 \\u\\ L 2 H i < CVW. 

In summary, 

\\^{h 2 p)u\\ L 2 LX < ch 1 / 2 + cVm + ch^y^p^w^ . 

Next, for JVeN, using the Cauchy-Schwarz inequality we get 

Y, h- l Mh 2 P)u\\ LlL2 < Cy^N\\u\\ L 2 H1 < C^/9l^N. 

h _1 <N 

On the other hand, since s > 1, we estimate the high frequencies as follows 
Y h- l \\v(h 2 P)u\\ L . L * < CN-^\\ U \\ L2gHs . 

h- l >N 

i 

By taking N rs (2 + (MIl^/p) »-i , we deduce that 

(7.9) \\u\\ L 2 Lao <C + C[9(l + log(2 + \\u\\ LrH s))}K 

Coming back to the integral equation (|7.7p and using the Gronwall lemma, we obtain 
that 

(7.10) \\u\\ l ^h= < \\uo\\h» e " " i « L °° < C\\uo\\ H s[2 + \\u\\ L ™ H s] Ae , 

where A is a real number depending only on the a priori bound (|7.8p . Therefore, if 
we take 9 such that AO < 1/2, we obtain that 

(7-11) \\u\\ l ™h° < C (\\u Q \\ H s + ||uo||#») • 

Iterating finitely many times (~ T/9 times) (|7.1ip and (|7.9p yields the result. □ 

Remark 7.3. Once we know that we have a global solution, we can control the 
growth of \\u(t)\\Hs as t — > oo since, by iterations of J 7. llty , one can easily check 
that 

\\u{t)\\ H s < Cexp(Cexp(C|i|)), t G R. 

Notice that the results of Theorem U] and Theorem [5] hold without the long range 
assumption (jl.9p . Moreover, we do not suppose that the metric is non trapping. 
If we assume these two conditions, we can improve Theorem [5] to nonlinearities of 
higher degree and even get global existence results in dimensions d > 4. For that 
purpose, we need the following non homogeneous Strichartz estimate. 
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Theorem 6. Suppose that g is a non trapping metric on M d satisfying (1.8\) . \1.9\) . 
Then for every T > there exists C > such that that if u solves 

(7.12) (id t + A g )u = f, u\t=o = 

then 

( 7 - 13 ) \\ u \\L p T Li(R d ) < C \\f\\l»iL<li(Rd)i 

provided (p, g), (^bi, ^rr) are satisfying (F%) and p ^ 2, p x ^ 2. 

Proof. The proof is a consequence of the following Christ-Kiselev lemma |13j. 



Lemma 7.4. Lei T > be a real number. Let B\ and B2 be two Banach spaces. 
Let K(t, s) be a locally integrable kernel with values in the bounded operators from 
B\ to -E>2- Let 1 < p < q < 00. For t E [0, T], we set 

cT 



Af(t)= [ K(t,s)f(s)ds. 
Jo 



Assume that 

IIA/Hl,9([0,T];Bi) < C\\f\\LP([0,T];B 2 ) 

Define the operator A as 

ft 



Af{t) = I K(t,s)f(s)ds, t £ [0, T] . 
Jo 



Then there exists C > such that 

IIAf||z«([0,T];Bi) < C , ||/IIlp([0,T]; j B 2 ) • 

We refer to [31J for a proof of Lemma EU in the form stated here. Let us now 
return to the proof of Theorem [6j The solution of (I7.12D is given by 

u{t)= I exp(i(t-T)A g )f(r)dr. 
Jo 

Consider v (t) defined by 



Then 



'0 

and by invoking (|1.12p . we get the bound 

Moll* < c 



v{t) = [ exp(i(t-r)A 3 )/(r)dr. 
Jo 

f T 

v(t) = exp(itA g ) / exp(— irA s )/(r)dr 
Jo 

bound 

/ exp(-irA g )f(r)dT 
Jo 
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The dual of (fL12j) yields 

(7.14) f T eM-irA g )f(r)dr < C\\f\\ ^ 



i 

Li=^ 



Therefore 



IlP,L<7 < C\\f\\ P g 



An application of Lemma 17.41 gives 



Hup Li <C\\f\\ p , , p>2. 



L Li- 

This proves (|7.13p in the case | + ^- = | + ^" = 1- Let us now prove (|7. 13|) when (p, q) 
and (pi,<7i) are decoupled. Since exp(itA g ) is an isometry on L 2 , using (|7.14p and 
Remark 16.21 we infer that (|7.13p is valid for (p, q) = (oo, 2) and (pi, qi) an arbitrary 
pair satisfying (jl.4p . Using the homogeneous estimate (|1.12p and the Minkowski 
inequality, we obtain that (|7.13p is valid for (p, q) an arbitrary pair satisfying (jl.4p 
and (pi,qi) = (oo,2). Let us now observe that all other cases for (p,q) and (pi,qi) 
in (|7.13p follow from the considered three particular cases by interpolation. This 
completes the proof of Theorem [6J □ 

It is now a standard and straightforward consequence of Theorem [6l Theorem [2] 
and (|7.4p (see [T71 [22l [HI IS] ) that one has the following global well-posedness result 
for CLU). 

Theorem 7. Let d > 3. Suppose that a 1 + 9 be a non trapping 

metric on M. d satisfying $1.8\) . $1.9\) . Then for every uq G H 1 (M d ) there exists a 
unique global solution u G C (R; H 1 (R d )) of fHj ). 

Remark 7.5. Recall that the endpoint Strichartz estimates are not needed for the 
standard H 1 theory of |7. 1\ ). 

Remark 7.6. Let us emphasize the importance of the non homogeneous Strichartz 
estimates in the proof of Theorem^ The lack of such estimates under the very weak 
hypotheses i2.1\) . \2.2i) makes the study of |7. 1\) in H 1 in this case (or in the case of 
a compact manifold) more difficult and so far restricted only to small dimensions. 
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